Abstract: In this paper we present a novel CPT symmetry test in the neutral kaon system based, for the first time, on the direct comparison of the probabilities of a transition and its CPT reverse. The required interchange of in ↔ out states for a given process is obtained exploiting the Einstein-Podolsky-Rosen correlations of neutral kaon pairs produced at a φ-factory. The observable quantities have been constructed by selecting the two semileptonic decays for flavour tag, the ππ and 3π 0 decays for CP tag and the time orderings of the decay pairs. The interpretation in terms of the standard Weisskopf-Wigner approach to this system, directly connects CPT violation in these observables to the violating δ parameter in the mass matrix of K 0 −K 0 , a genuine CPT violating effect independent of ∆Γ and not requiring the decay as an essential ingredient. Possible spurious effects induced by CP violation in the decay and/or a violation of the ∆S = ∆Q rule have been shown to be well under control. The proposed test is thus fully robust, and might shed light on possible new CPT violating mechanisms, or further improve the precision of the present experimental limits. It could be implemented at the DAΦNE facility in Frascati, where the KLOE-2 experiment might reach a statistical sensitivity of O(10 −3 ) on the newly proposed observable quantities.
Introduction
CPT symmetry, i.e. the symmetry under the combination of charge conjugation (C), parity (P), and time reversal (T ) transformations, at present appears to be the only discrete symmetry of Quantum Mechanics respected in Nature experimentally. This result has a very solid theoretical foundation in the well known CPT theorem [1] [2] [3] [4] (see also [5] [6] [7] for some more recent developments), ensuring exact CPT invariance for any quantum field theory formulated on flat space-time assuming (1) Lorentz invariance, (2) Locality, and (3) Hermiticity.
A violation of the CPT symmetry would have a dramatic impact on our present theoretical picture and would definitely constitute an unambiguous signal of a New Physics framework, thus strongly motivating both experimental searches and theoretical studies on this subject.
CPT invariance has been confirmed by all present experimental tests (see Tests of conservations laws and CPT invariance tests in neutral kaon decay reviews in [8] ), particularly in the neutral kaon system where strong limits have been set to a variety of possible CPT violation effects which might arose in a quantum gravity scenario [9] [10] [11] [12] [13] . The best limits on the δ parameter expressing CPT violation in the K 0 -K 0 mixing matrix, i.e. in the standard Weisskopf-Wigner approach [14] (see also e.g. appendix A of [15] , appendix I of [16] , or [17] ) are obtained in the CPLEAR experiment for δ [18] , and using the Bell-Steinberger relation for δ [19, 20] , yielding a stringent limit on the difference of mass terms for K 0 andK 0 : |m K 0 − mK0| < 4 × 10 −19 GeV at 95% c.l. [8] .
The CPT violating probe has been, however, often limited to a difference of masses (and other intrinsic properties) for a particle and its anti-particle, i.e. to diagonal mass terms. In many physical phenomena the perturbing effect does not appear at first order in perturbation theory: it would be sufficient that the perturbation breaks a symmetry of the non-perturbed states. This vanishing effect at first order for the diagonal elements, like e.g. the case of the electric dipole moment for T violation, is not present for transitions (non-diagonal elements) [21] .
In this paper we discuss a new kind of CPT test for transitions in the neutral kaon system where the exchange of in and out states (and CP conjugation), required for a direct and genuine CPT test, is performed exploiting the entanglement of the kaon pair produced at a φ-factory. This methodology has been recently proposed for a direct test of the T symmetry in the same context [22] , similarly to the one adopted for the performed test in the B meson system at B-factories [21, [23] [24] [25] [26] . The decay is not an essential ingredient for a non-vanishing effect and it is only used for filtering the appropriate initial and final states of the neutral kaon transition [27] . Explicitly, in the standard Weisskopf-Wigner approach to this system, our CPT -violating effects can be connected to the δ parameter, a genuine CPT -violating effect independent of ∆Γ = Γ S − Γ L , with Γ S and Γ L the widths of the physical states (see Section 2) .
Using this method it would be possible for the first time to directly test the CPT symmetry in transition processes between meson states, rather than comparing masses, lifetimes, or other intrinsic properties of particle and anti-particle states. Any CPT test requires a very clear theoretical formulation and very clean experimental conditions in order to avoid possible fake effects mimicking a CPT violation signal, e.g. possible and uncontrolled direct CP violation contributions that could alter the precise identification of the filtered meson state. One has to be aware that a significant result in a CPT test will involve small numbers, so that a precise control of the experimental conditions is mandatory. The test proposed in this paper exploits the peculiarities of the neutral kaon system and would allow a very clean and direct test of the CPT symmetry. This is in contrast with the problems encountered in the neutral B meson system, where one has very severe limitations to a possible clean test of CPT due to the use of the decay B → J/ΨK L , with the current identification of K L which is not an exact CP eigenstate.
The KLOE-2 experiment [28] at DAΦNE, the Frascati φ-factory, might perform for the first time this kind of test reaching a sensitivity of O(10 −3 ) in the experimental asymmetry, a high sensitivity which -we emphasize -is a direct test by comparing a given transition with its CPT -transformed transition, and not a result of fitting a parameter in a given model. If interpreted in terms of the sensitivity to the usual CPT -violating δ parameter for the K 0 -K 0 system, it would also allow to further improve the present limits on δ.
In Section 2 we precisely define the in and out kaon states involved in the time evolution of the system. In Section 3 we construct the CPT -violating observables using appropriate ratios of transition probabilities. In Section 4 we discuss the impact of the approximations and the orthogonality problem for the states filtered by the decay channel, and evaluate the sensitivity of the proposed test. Finally in Section 5 we present our conclusions.
Definition of states
In order to formulate a possible CPT symmetry test with neutral kaons, it is necessary to precisely define the different states involved as possible in and out states in the time evolution. First, let us consider the short-and long-lived physical states |K S and |K L , i.e. the states with definite masses m S,L and lifetimes τ S,L which evolve as a function of the kaon proper time t as pure exponentials
They are usually expressed in terms of the flavor eigenstates |K 0 , |K 0 as:
with S and L two small complex parameters describing the CP impurity in the physical states. One can equivalently define ≡ ( S + L )/2, and δ ≡ ( S − L )/2; adopting a suitable phase convention (e.g. the Wu-Yang phase convention [29] ) = 0 implies T violation, δ = 0 implies CPT violation, while δ = 0 or = 0 implies CP violation.
Let us also consider the states |K + , |K − defined as follows: |K + is the state filtered by the decay into ππ (π + π + or π 0 π 0 ), a pure CP = +1 state; analogously |K − is the state filtered by the decay into 3π 0 , a pure CP = −1 state. Their orthogonal states correspond to the states which cannot decay into ππ or 3π 0 , defined, respectively, as 7) and N ± two suitable normalization factors. With these definitions of states, |K + and |K − can be explicitly constructed imposing the conditions K ± |K ∓ = 0:
10) 11) and N ± are two normalization factors.
Here we have kept separate definitions of the filtered states |K + and |K − , which are observed through their decay, from the tagged states | K + and | K − , which are prepared exploiting the entanglement of the kaon pairs, as we will discuss in the next section. |K + and |K − are defined as the filtered states when observing definite CP = ±1 decay products. Even though the decay products are orthogonal, the filtered |K + and |K − states can still be nonorthoghonal. In the following we will assume 12) which corresponds to impose the condition of orthogonality K − |K + = 0, implying that β = −η ππ and α = −η 3π 0 , and a precise relationship between the two amplitude ratios η ππ and η 3π 0 :
Neglecting terms of O( 3 ) (with = O(10 −3 )), therefore with a high degree of accuracy, O(10 −9 ), this translates into the following relation:
This clearly indicates that direct CP and CPT violation have to be neglected when imposing assumption (2.12). In fact, for instance, eq.(2.14) cannot be simultaneously satisfied for π + π − and π 0 π 0 decays, being (η π + π − − η π 0 π 0 ) = 3 , with = O(10 −6 ) the direct CP violation parameter [8] . Similar subtle points were previously discussed in the literature for the T -asymmetry measurement in the flavour-CP eigenstates of J/ΨK 0 decay channels of B d 's [30] , as well as for any pair of decay channels [31] . More in general, while possible direct CPT violation contributions might be still cast into the definition of the observable quantities for the CPT test that will be presented in the next Section, direct CP violation may appear as a contaminating fake effect which is necessary to keep well under control.
Finally the validity of the ∆S = ∆Q rule will be assumed in the following, so that the two flavor orthogonal eigenstates |K 0 and |K 0 are identified by the charge of the lepton in semileptonic decays. When the decay into π − + ν is observed, it cannot come from |K 0 so that the state |K 0 is filtered, and vice-versa for the decay into π + −ν .
The relevance of these assumptions will be discussed in Section 4, where it will be shown that they can be safely released for our purposes, without affecting the cleanliness of the test.
CPT symmetry test at a φ-factory
Similarly to the T symmetry test proposed at a φ-factory (or B-factory) [22] [23] [24] [25] , the implementation of the CPT test proposed here exploits the Einstein-Podolsky-Rosen (EPR) [32] entanglement of the neutral meson pair produced in φ → K 0K0 decays. In fact in this case the initial state of the pair is totally antisymmetric 1 and can be written in terms of any pair of orthogonal states, e.g. K 0 andK 0 , or K + and K − , as:
Thus, exploiting the perfect anticorrelation of the state implied by eq. (3.1), which remains unaltered -even in the presence of K 0 -K 0 mixing -until one of the two kaons decays, it is possible to have a "flavor-tag" or a "CP-tag", i.e. to prepare a definite K 0 orK 0 state, or a definite K + or K − state of the still alive kaon by observing a specific flavor decay 2 ( − or + ) or CP decay (3π 0 or ππ ) of the other (and first decaying) kaon in the pair. For instance, the transition K 0 → K + and its associated probability
corresponds to the observation of a − decay at a proper time t 1 of the oppositeK 0 and a ππ decay at a later proper time t 2 = t 1 + ∆t, with ∆t > 0.
In other words, the − decay of a kaon on one side prepares (tags), in the quantum mechanical sense, the opposite (if undecayed) kaon in the state |K 0 at a starting time t = 0. The |K 0 state freely evolves in time until its ππ decay filters it in the state |K + at a time t = ∆t.
In this way one can experimentally access all the four reference transitions listed in Table 1 , and their T , CP and CPT conjugated transitions. It can be easily checked that the three conjugated transitions correspond to different categories of events; therefore the comparisons between reference vs conjugated transitions correspond to independent T , CP and CPT experimental tests. None of these transformed transitions for the three symmetries are simply an exchange of the time ordering of the two decay channels.
Reference T -conjug. CP-conjug. CPT -conjug. Table 1 . Scheme of possible reference transitions and their associated T , CP or CPT conjugated processes accessible at a φ-factory.
1 It is worth noting that a possible CPT violation effect in the entangled state, the so-called ω-effect [33, 34] , might induce a breakdown of the antisymmetry of the initial state. The possible impact of this effect, which is strongly bounded experimentally [9] [10] [11] , is not considered in this paper, for simplicity. 2 In the following the semileptonic decays π + − ν and π − +ν will be denoted for brevity as − and + , respectively.
For the CPT symmetry test one can define the following ratios of probabilities:
The measurement of any deviation from the prediction R i,CPT (∆t) = 1 imposed by CPT invariance is a signal of CPT violation. It is worth noting that for ∆t = 0:
i.e. the CPT -violating effect is built in the time evolution of the system, and it is absent at ∆t = 0, within our approximations. Possible deviations from limits (3.3) will be discussed in the next Section. For ∆t τ S , assuming the presence of CPT violation only in the mass matrix (δ = 0) and nothing else, one gets:
i.e. the CPT -violating effect built in the time evolution reaches a "plateau" regime and dominates in this limit. It is a genuine effect because δ does not depend on ∆Γ as an essential ingredient [21, 27, 35] . This constitutes an important difference with respect to the T symmetry test case [22] , where the effect due to the parameter vanishes for ∆Γ → 0. At a φ-factory the observable quantity is the double differential decay rate I(f 1 , t 1 ; f 2 , t 2 ) of the state |i into decay products f 1 and f 2 at proper times t 1 and t 2 , respectively [36] .
After integration on t 1 at fixed time difference ∆t = t 2 − t 1 ≥ 0, the resulting decay intensity I(f 1 , f 2 ; ∆t) can be rewritten in a suitable form, putting in evidence the probabilities we are aiming for. In fact, for two generic pairs of orthogonal states {K X ,K X } and {K Y ,K Y } uniquely identified by the decay products {f X , fX } and {f Y , fȲ } (e.g. the {K 0 ,K 0 } and {K + , K − } pairs identified by the decay products { + , − } and {ππ, 3π 0 }, respectively, under the assumption of eqs.(2.12) and the ∆S = ∆Q rule), the decay intensity can be expressed as: 6) where the coefficient C(fX , f Y ), depending only on the final states fX and f Y , is given by:
is the generic K X → K Y transition probability which contains the ∆t time dependence only. It's worth noting that a similar expression can be easily formulated also for the case ∆t < 0:
Therefore, at a φ-factory one can define the observable ratios: 10) which are related to the R i,CPT (∆t) ratios defined in eqs (3.2) as follows, for ∆t ≥ 0:
whereas for ∆t < 0 one has: 12) with D CPT the ratio of coefficients:
that can be expressed, with a high degree of accuracy, at least O(10 −7 ), as:
14)
The value of D CPT can be therefore evaluated from branching ratios and lifetimes, but it is also directly measurable from the observable ratios (3.9) and (3.10), as it will be discussed in detail in the next Section.
The explicit expressions of ratios (3.9) and (3.10) (neglecting higher order terms in small parameters and for not too large negative ∆t) are:
The expected behavior of the observables R exp 2,CPT (∆t) and R exp 4,CPT (∆t) as a function of ∆t, and without the approximations of eqs.(3.15) and (3.16), is shown in Fig.1 , where -for visualization purposes -the probabilities involved have been evaluated fixing the CPT violating parameters δ and δ to a value different from zero, and equal to their present uncertainties [8] , i.e. δ = 3.3 × 10 −4 and δ = 1.6 × 10 −5 . In Fig.2 a zoom of the ∆t > 0 region, where the "plateau" regimes (3.4) and (3.5) dominate, is shown. Experimentally, this is the most interesting and statistically most populated region, where the best sensitivity to CPT violation effects can be reached by the KLOE-2 experiment (see Section 4) .
We emphasise that these observables are genuine CPT violating effects by comparing experimentally the probability for a given transition and its CPT reverse, independent of any theoretical scenario generating this effect. When they are interpreted in a model for CPT violation in the mass matrix (i.e. with δ = 0) and nothing else, these observables can be compared with the result expected for the survival probabilities (diagonal processes) like the one that has been measured by the CPLEAR experiment [18] . In this case, the CPLEAR asymmetry can be easily translated into our formalism as an observable ratio of probabilities (in this case D CPT = 1):
(3.17)
The comparison of equations (3.15) and (3.16) with equation (3.17) shows that even within the same model, the difference in the dependence on the CPT violation parameter δ is apparent. In the limit ∆Γ → 0 the ratio (3.17) tends to unity for all times, whereas ratios (3.15) and (3.16) are different from unity through δ, which is independent of ∆Γ. Moreover, just as an illustration of the different sensitivity of these observables to CPT violation, in the hypothesis of CPT -violating effects introduced via a deviation from conventional quantum mechanics, believed to reflect the loss of quantum coherence expected in some approaches to quantum gravity [37, 38] , the ratio (3.17) is insensitive to these effects (up to second order in the CPT violation parameters of the model and for all times [38] ), while it can be shown that ratios (3.15) and (3.16) are sensitive to them at first order in some of the parameters.
Impact of the approximations on the test. Results.
In order to study the impact of the approximations involved in the proposed CPT test, namely negligible direct CP and CPT violation contributions in the ππ and 3π 0 channels, and the validity of the ∆S = ∆Q rule, they are treated separately. First, the effect of possible direct CP and CPT violation contributions is evaluated on the observable ratios R following parametrisation is introduced:
where ππ and 3π 0 represent the generic contributions of direct CP and/or CPT violation in the ππ and 3π 0 channels, respectively. In this more general case, the orthogonality condition eqs(2.12) is no more satisfied, and the true orthogonal pair to be considered in writing the initial state (3.1) is
The effect of ππ and 3π 0 can be easily singled out in the explicit expressions of the observable ratios (neglecting higher order terms in small parameters and for not too large negative ∆t):
It is important to realise from eqs. indicating that the quantity D CPT is measurable within the same experiment. For ∆t = 0 the deviation of each ratio from unity (once D CPT is factored out) is only given by the contaminating parameters 3π 0 and ππ :
In the limit ∆t τ S there is no dependence on η 3π 0 or η ππ , the limits (3.4) and (3.5) are fully recovered: 8) and any deviation from unity would be a very clean and unambiguous signal of CPT violation, once D CPT is factored out. The presence of direct CP violation contributions can mimic CPT violation effects mostly in the ∆t < 0 region, while for ∆t τ S it does not affect the observable ratios (see eqs.(4.7) and (4.8) ), as it can be seen in the plots of Figures 3 and 4 . In these plots the fake effects have been amplified with unrealistic values of η 3π 0 in order to visualise them 3 , varying of ±10% the absolute value of η 3π 0 , or of ±10 • its phase, with respect to the value η 3π 0 = S .
From these plots one also realises that the time dependences induced by δ and 3π 0 (or ππ ), mostly in the ∆t < 0 region, are different and therefore these parameters could be disentangled, at least in principle. One should also consider that possible contributions from direct CPT violation in the decay amplitudes in the 3π 0 and ππ parameters, cannot be considered fake effects, while instead they are genuine CPT violating effects, e.g. responsible of making the observable ratios (4.5) and (4.6) different from unity at ∆t = 0. As a conclusion the effect of the contamination due to direct CP violation can be considered fully controllable, and totally irrelevant in the limits (4.7) and (4.8).
If also the ∆S = ∆Q rule is not assumed, in analogy with the formalism for the |K + and |K − states introduced in Section 2, one should introduce the tagged states which cannot decay into − or + , respectively, as:
with N 0 , N0 two suitable normalization factors, 12) and the x + , x − parameters defined as: 13) and corresponding to CPT -invariant and CPT -violating ∆S = ∆Q rule violation, respectively. The orthogonal partners of | K 0 and | K0 states are, respectively:
3 At lowest order in Chiral Perturbation Theory one has [39] [40] [41] that 3π 0 = −2 , with the direct CP violation parameter in ππ decays. Therefore the direct CP violation contribution is expected to be negligible. The experimental knowledge on the η 3π 0 parameter is much less precise than for ηππ, resulting at present in an upper limit: |η 3π 0 | < 8.8 × 10 −3 at 90% C.L. [42] . In the plots of Figs.3 and 4 we considered the contribution of 3π 0 enhanced in magnitude by a large safety factor (of order one hundred) with respect to the Chiral Perturbation Theory prediction. and N 0 , N0 two suitable normalization factors. The orthogonal pairs { K 0 , K0} and { K0, K 0 } (note the different symbols adopted in this case with respect to K 0 ,K 0 ) constitute now the true orthogonal bases to be considered. The effect of the ∆S = ∆Q parameters x + and x − can be easily singled out in the explicit expressions of the observable ratios (still neglecting higher order terms in small parameters and for not too large negative ∆t):
In the limit ∆t = 0 the deviation of each ratio from unity (once D CPT is factored out) is given by the contaminating parameters 3π 0 , ππ , and x + , and by the x − parameter, which is explicitly CPT violating in the ∆S = ∆Q decay amplitudes, and can be considered a genuine source of CPT violation:
In the limit ∆t τ S we get:
These results suggest the possibility of having a measurement independent of x + and D CPT , directly measuring the double ratio:
which becomes for ∆t = 0:
and in the limit ∆t τ S :
The double ratio (4.23) constitutes one of the most robust observables for our proposed CPT test. In the limit ∆t τ S it exhibits a pure and genuine CPT violating effect, even without the assumptions of the validity of the ∆S = ∆Q rule and of negligible contaminations from direct CP violation. In principle, the possible contribution of x − might be disentangled from the one of δ, or at least bound, by making a study of the time dependence of the double ratio in the ∆t < 0 region -the most difficult experimentally, due to the lack of statistics -and independently measuring the direct CP violation contributions in 3π 0 and ππ decays, or making an ansatz on their size.
The KLOE-2 experiment at the DAΦNE facility could make a measurement of the two observable ratios R Carlo simulation, making the approximation of a gaussian ∆t experimental resolution with σ = 1 τ S , and a full detection efficiency, as discussed in detail in Ref. [22] . From this study it emerges that the I( ± , 3π 0 ; ∆t) distributions, at the considered integrated luminosity, have very few or no events for ∆t −5 τ S . While a complete feasibility study is beyond the scope of the present paper, by considering a large ∆t interval in the statistically most populated region, e.g. 0 ≤ ∆t ≤ 300 τ S , which is the most interesting one for our CPT test, a statistical sensitivity on the double ratio (4.25) of (3.0 × 10 −3 ), (2.1 × 10 −3 ), and (1.5 × 10 −3 ) is obtained for L = 5, 10, and 20 fb −1 , respectively. Once translated into an uncertainty on δ, these results might improve the present best measurement by CPLEAR [18] . As a final remark it's worth noting that the double ratio in eq.(4.25) in practice corresponds to the following ratio of combinations of the semileptonic asymmetries for K S and K L :
with 
Conclusions
A novel CPT test has been studied in the neutral kaon system based on the direct comparison of a transition probability with its CPT reverse transition. The appropriate preparation and detection of in and out states in both the reference and the reverse processes is made by exploiting the EPR entanglement of neutral kaons produced in a φ-factory and using their decays as filtering measurements of the kaon states only. We have built the time dependence of two independent ratios of observable quantities, which relate to a given transition and to its CPT -transformed, by selecting the two semileptonic decays for flavour tag, the ππ and 3π 0 decays for CP tag, and the two time orderings of the decay pairs. These observables have been interpreted in the standard Weisskopf-Wigner approach by means of the CPT violating δ parameter in the mass matrix of K 0 −K 0 . The dynamical CPT -asymmetry is generated with the time evolution, the observable ratios being unity at ∆t = 0, and for ∆t τ S beyond the interference region, where one has the best statistics of events, the deviation from unity is given by δ, a genuine CPT violating parameter independent of ∆Γ, for which the decay is not an essential ingredient.
We have demonstrated that the necessary knowledge of the decay properties is controllable and some strategies, like a sum rule and the ratio of the observable ratios, can be used. Furthermore possible spurious effects induced by CP violation in the decay and/or a violation of the ∆S = ∆Q rule have been shown to be either negligible or disentangled by the dependence with the time evolution. The proposed measurement is thus fully robust leading to definite conclusions on CPT Violation. These observables would be able to be measured in the KLOE-2 experiment at the DAΦNE facility in Frascati, with a statistical precision of O(10 −3 ).
